The cosmological constant is treated as a thermodynamical parameter in the framework of twodimensional dilaton gravity. We find that the cosmological constant behaves as a U (1) charge with a confining potential, and that such potentials require a novel Born-Infeld boundary term in the action. The free energy and other thermodynamical quantities of interest are derived, from first principles, in a way that is essentially model-independent. We discover that there is always a Schottky anomaly in the specific heat and explain its physical origin. Finally, we apply these results to specific examples, like Anti-de Sitter-Schwarzschild-Tangherlini black holes, Bañados-Teitelboim-Zanelli black holes and the Jackiw-Teitelboim model.
I. INTRODUCTION
About 30 years ago, Teitelboim and Henneaux proposed a mechanism to account for the small value of the cosmological constant [1] , [2] : If four-dimensional gravity without cosmological constant is coupled to an antisymmetric gauge field A µνρ the cosmological constant Λ reappears as a constant of motion. Therefore, the cosmological constant may be considered to be dynamical, since different values of the constant of motion correspond to different values of Λ. One might conceivably find a mechanism that drives this dynamical cosmological constant to small values [3] .
Although it is not clear whether such a mechanism actually works in our Universe [4] , it is interesting in its own right to consider the cosmological constant not as an input parameter of the action but instead as a state-dependent constant that may be changed (thermo-)dynamically. If one allows for negative values of the cosmological constant then novel aspects of the Anti-de Sitter/conformal field theory (AdS/CFT) correspondence can be addressed where the length scale set by the AdS radius is no longer a fixed input parameter but becomes state-dependent.
Following this reasoning, many authors regarded the cosmological constant (mostly with negative sign) as a thermodynamic variable in black hole thermodynamics [5] [6] [7] [8] [9] [10] [11] . One of the most interesting results of these works was the insight that the thermodynamic variable conjugate to the cosmological constant is proportional to a negative volume. Since the cosmological constant may be regarded as a negative pressure the resulting first law contains a V dp term. This implies that the mass of a black hole should correspond to the enthalpy of the sys-tem rather than the internal energy [10] [11] [12] [13] [14] . See also [15] [16] [17] [18] [19] [20] for more recent developments.
In this work we investigate the cosmological constant as a state-dependent parameter in two-dimensional (2d) dilaton gravity. Two-dimensional dilaton gravity is a rewarding model to study since it provides useful insights while not being as technically involved as higher dimensional theories. Some specific classes of solutions of higher dimensional theories can be studied in 2d dilaton gravity, including AdS-SchwarzschildTangherlini black holes and Bañados-Teitelboim-Zanelli (BTZ) black holes. Some intrinsically 2d models are also interesting in their own right, like the Jackiw-Teitelboim model. For a general review of dilaton gravity see [21] .
As will be shown, the cosmological constant may be treated in 2d dilaton gravity as a U (1) charge with nonminimal coupling. This effectively leads to a confining electrostatic potential. The variation of the cosmological constant appears in the first law of black hole thermodynamics for the same reason the variation of charge would appear in the first law for a charged (e.g. ReissnerNordström) black hole. Thus, the cosmological constant emerges as a thermodynamic variable naturally in this treatment.
One of our main results is a novel Born-Infeld type of boundary term I BI that has to be added to the action, Γ[g µν , A µ , X] = I bulk + I GHY + I BI (1) with
I BI = ∂M dx √ γ e −Q (w + 2F µν F µν f 2 h) .
The bulk action I bulk depends on three arbitrary functions of the dilaton field X, namely on the kinetic potential U , the dilaton self-interaction potential V , and the gauge coupling function f . The boundary term I GHY is the dilaton analogue of the Gibbons-Hawking-York boundary term, which is required to establish a Dirichlet boundary value problem for the metric. Here γ denotes the determinant of the induced metric at the boundary ∂M and K is the trace over extrinsic curvature.
The novel Born-Infeld-like boundary term I BI and its implications for thermodynamics will be derived and discussed in detail in the body of our paper. The functions Q, w and h appearing in it are constructed out of integrals of the functions U , V and f :
w(X) = −2 X dy e Q(y) V (y) (6) h(X) = f (y) (
Their somewhat bizarre form has a natural explanation within 2d tensor-vector-scalar theories (or EinsteinMaxwell-dilaton-theories), which we shall review. Moreover, these functions have to obey certain inequalities, which we shall derive. The inequalities imply, among other things, that the electrostatic potential is confining.
Another key result is that we recover standard thermodynamics with the usual first law, say, for free enthalpy: dG(T, p, . . . ) = −S dT + V dp + other work terms (8) Here S is the 2d dilaton gravity analogue of the Bekenstein-Hawking entropy, T is essentially the Hawking temperature, −p is proportional to the cosmological constant and V is the 'volume' of the black hole -a quantity that we will explain in detail. Thus, standard thermodynamics can be applied to 2d dilaton gravity models with a state-dependent cosmological constant.
The outline of this work is as follows: in order to make this paper self-contained we review some of the main results of [22] in section II and generalize them to confining electrostatic potentials; in section III we demonstrate how to treat the cosmological constant as a thermodynamical variable in a natural way in 2d dilaton gravity and derive the main results; in section IV we discuss general implications for thermodynamics and show the equivalence of thermodynamic and geometric volume definitions; in section V we address further developments: we present alternative confinement conditions, unravel a Schottky anomaly in the specific heat and treat the microcanonical ensemble; in section VI we apply our results to specific examples, namely AdS-SchwarzschildTangherlini and BTZ black holes, as well as the JackiwTeitelboim model.
In this paper we use the conventions of [22] , setting the 2d Newton constant to 8πG 2 = 1 and working exclusively in Euclidean signature.
II. THERMODYNAMICS REVIEW
In the following we review some of the main results of [22] , starting with the (holographically un-renormalized) Euclidean action of 2d dilaton gravity,
with
where X is the dilaton field, R the Ricci scalar, U is the kinetic potential and V the dilaton self-interaction potential, both of which are model dependent functions of the dilaton X. The boundary term is analogous to the Gibbons-Hawking-York boundary term, with γ the induced metric on ∂M and K the trace of the extrinsic curvature.
A. Classical solutions
The equations of motion (EOM) for the action (10) are given by
where prime denotes a derivative with respect to the dilaton X. Taking the trace of the first EOM (12) yields the useful relation ∇ 2 X = −2V . The space of all classical solutions to the EOM (12), (13) falls into two disjoint classes: 1. constant dilaton vacua, with X = X 0 = const., which exist only for special models and require infinite fine-tuning of the value of the dilaton field such that V (X 0 ) = 0; in that case the metric is maximally symmetric, i.e., either Minkowski, AdS or de Sitter, depending on the sign of the Ricci scalar R = 2V ′ (X 0 ); and 2. linear dilaton vacua, which exist generically as solutions to arbitrary dilaton gravity models and have dilaton fields that are not constant. In this paper we exclusively focus on the latter.
Locally, all linear dilaton solutions are parametrized by a single constant of motion M and take the form
The functions Q(X) and w(X) are defined as [52] Q(X) :
By an appropriate choice of w 0 the constant of motion M can be restricted to a convenient range, for instance non-negative values, M ≥ 0. This then fixes the ambiguity from the integration constant in the definition of the function w. The ambiguity in the definition of the function Q is fixed by an appropriate choice of Q 0 , which in turn can be absorbed into a rescaling of the coordinates. We shall henceforth assume that a suitable zero point has been chosen for the mass M and suitable physical units for the coordinates, so that w 0 and Q 0 are fixed (for example, to zero). All solutions (14) exhibit a Killing vector field ∂ τ with norm ξ(X) that vanishes at the 'Killing horizon' X = X h . To be precise, we mean that in the Minkowskian version of (14) constant X hypersurfaces that obey ξ(X h ) = 0 are Killing horizons. In the corresponding Euclidean space the 'Killing horizon' reduces to a point that provides either a lower or an upper bound on the value of the dilaton field. The 'ground state Killing norm' ξ(X)| M=0 will be denoted as ξ 0 .
In the models that we consider there is typically at least one Killing horizon. The dilaton field X is then restricted to the positive, semi-infinite interval
where X h denotes the outermost Killing horizon, i.e., the Killing horizon at the largest possible value of X. As in [22] we assume lim X→∞ w(X) = +∞, which captures many models of interest, in particular black holes in asymptotically AdS spacetimes. Thus, the asymptotic behavior of the metric is given by ξ 0 (X), as is easily seen from (16) .
Before discussing black hole thermodynamics we conclude this part of our review with a standard Euclidean argument. In order to avoid conical defects at the horizon, the Euclidean time is assumed to be periodic τ ∼ τ + β, with
The proper local temperature T (X c ) evaluated at a locus X = X c is equal to β −1 times a redshift ('Tolman') factor
Thus, in models where ξ(X c ) → 1 as X c → ∞ the inverse period β −1 is the temperature T as measured by an observer at infinity.
B. Thermodynamics from Euclidean path integral
In order to study the thermodynamics of this model, the Euclidean path integral with appropriate boundary conditions is expanded around the classical solutions of the EOM. In the semi-classical limit the dominant contributions are the classical solutions. Then the Euclidean partition function is given by
and higher order corrections contained in Z ho . The sum in (22) extends over all classical solutions g cl , X cl from (14) compatible with the boundary conditions that we impose in order to evaluate the path integral. In our case, these boundary conditions will always specify the locus of a cut-off surface X = X c and the local temperature (21) at that surface. In many cases it makes sense to think of these boundary conditions as coupling a finite gravitational system to a thermal reservoir at proper local temperature T (X c ). The free energy in the classical approximation is determined by the on-shell action through
whereĝ cl ,X cl denotes the dominant saddle-point in the sum (22) . Sub-dominant saddle-points are then non-perturbative ("instanton") corrections, while the neglected Gaussian and higher order terms are perturbative corrections. In the present work we shall not be concerned with either of these corrections. The thermodynamical ensemble is determined by the choice of boundary conditions used in the evaluation of the path integral. We shall always keep fixed the proper temperature at the boundary, so that our free energy is either the Helmholtz or Gibbs free energy (or some generalization thereof). Once the free energy is known, all other thermodynamical quantities of interest are determined, either through partial derivatives or Legendre transformations of the free energy.
The semiclassical approximation is well defined only if
• the on-shell action is bounded, and
• the first variation of the action vanishes on-shell for all variations that preserve the boundary conditions.
As expected on general grounds (and shown explicitly in [22] ) the action (9) has neither of these properties for the boundary conditions we are interested in. These shortcomings are remedied by adding a (holographic counter-)term I CT to (9) , yielding an improved action
It was later shown that the same boundary term can be derived from requiring supersymmetry in the presence of boundaries [23] , [53] . In 2d dilaton gravity every sufficiently regular function J(X) of the dilaton field can be used to construct a conserved charge. This is so, because a current j µ = ǫ µν ∂ ν J is trivially divergence-free, ∂ µ j µ = 0. Hence 2d dilaton gravity exhibits an infinite number of completely equivalent conserved charges. Therefore, we may choose a suitable dilaton charge, which we denote by D c , and demand that its value at the boundary be fixed. In the following we simply set
The heat bath surrounding the cavity fixes the local inverse temperature β c and dilaton charge D c as boundary conditions for the path integral.
The nonnegative solutions of
denote the possible values of the mass M and thus the classical solutions consistent with the boundary conditions. The Helmholtz free energy F may be obtained from the action via [see (24)]
With the above definitions this yields
where a subscript c denotes evaluation of the dilaton at the cut-off surface X = X c . It is natural to consider the X c → ∞ limit of (30) and other thermodynamic quantities, to obtain results for the full, non-compact spacetime. This limit is in general well-defined for the classical theory. However, in many theories the perturbative corrections (23) diverge as X c → ∞, and in those cases the cut-off cannot be removed. From the thermodynamic point of view this is so because the specific heat of the system becomes negative above some maximum value of X c . In other words, the density of states grows too rapidly as a function of energy, and the canonical ensemble no longer exists.
Further details of 2d dilaton gravity thermodynamics, elaborations, applications and many examples can be found in [22] . Some earlier work on 2d dilaton gravity thermodynamics is [24] [25] [26] .
C. Charged black holes
The above results are easily generalized to charged black holes by adding a Maxwell term
to the action (25) . The function f (X) describes the coupling of the abelian field strength F µν = ∂ µ A ν − ∂ ν A µ to the dilaton field. The EOM (Maxwell's equations) are solved by
where q denotes the electric charge, ε µν is the 2d epsilontensor with ε τ r = +1, and the factor 1 4 is chosen for convenience. We will assume, for now, that all the fields fall off sufficiently rapidly so that no additional boundary terms are needed in the action.
The EOM for the action (25) with an additional Maxwell field are still solved by equation (14), but the Killing norm is changed to
The function h(X) is defined as [54] 
In axial gauge, A r = 0, the gauge potential is given by
Thus, the proper electrostatic potential relative to the horizon is
Dirichlet boundary conditions on A τ imply that this quantity is held fixed at the cut-off surface X c . With these results the Euclidean partition function (22) may be calculated in the classical approximation.
For the boundary conditions that we impose the relevant thermodynamic potential is the Legendre transform of the Helmholtz free energy F c (T c , D c , q) with respect to the proper electrostatic potential Φ c . Since the charge q and potential Φ c play a role similar to a generic conserved charge N with chemical potential µ, we simply denote this potential by
The inverse Legendre transformation then leads to the Helmholtz free energy
Evidently, this result is equal to the previous one (30) . The dependence on q remains implicit in the Killing norm ξ(X) and the locus of the horizon X h , but does not show up explicitly. Notice that one may add an arbitrary number of Maxwell fields (in fact, even non-Abelian gauge fields) in this way. Each of them will introduce new conserved charges q i that capture some of the state-dependent information. We shall make use of this fact in the calculation of the first law for BTZ black holes.
If we relax the assumption that the fields fall off sufficiently rapidly, then a new boundary term must be added to the action along with (31) . For a theory with Dirichlet boundary conditions on A µ , diffeomorphism invariance restricts the form of this boundary term to be
A simple example that requires such a boundary term can be found in [27] . In section III we will consider theories with Neumann boundary conditions on A µ , and hence we will obtain a different sort of boundary term.
D. Confinement in 2d dilaton gravity
In the discussion of charged black holes above we have assumed that the gauge potential decays asymptotically sufficiently fast so that no modification of the boundary term (26) and of the free energy (38) arises. However, this is not necessarily true, and in particular it is not true for confining potentials. Before addressing how to improve the boundary term we address the case of confining potentials.
To this end we consider now specific classes of 2d Einstein-Maxwell-dilaton theories that obey the inequalities
We show now that these inequalities imply confinement of the U (1) charge in the sense that the gauge potential A µ (X) diverges to ±∞ for large X. Before we explain why the attribute 'confinement' is justified we check that our claim is technically correct. The result (35) together with the definition (18) imply
Taking absolute values and exploiting the inequality (41) yields
where N is some non-vanishing real number. The inequality (43) together with the assumption (40) prove our claim that the gauge potential A µ (X) diverges to ±∞ for large X. Of course, one could just define a confining potential in 2d Einstein-Maxwell-dilaton gravity by the properties (40) , (41) . However, it is useful to clarify why it is justified to call a gauge potential that diverges at large X 'confining'. Physically, the decisive property of a confining potential is that it takes infinite energy to separate two charges. If we take as one of the charges the charged black hole spacetime and as the other some test-charge, then a measure for the electrostatic energy is the product of the proper electrostatic potential times the chargeq of the test-particle, measured for instance in units of the proper temperature (in order to cancel redshift factors, assuming some non-extremal configuration with T = 0). Thus, if the ratiô
stays finite in the limit X c → ∞ then the gauge potential is not confining. On the other hand, if the expression (44) tends to ±∞ in the limit X c → ∞ then the gauge potential is confining. From the right hand side of (44) we therefore see that the gauge potential is confining precisely if A τ (X) diverges to ±∞ for large X. A simple class of examples for confining potentials is provided by minimally coupled Maxwell fields, f (X) = const., and vanishing kinetic potential U (X) = 0. In that case the gauge potential (42) integrates to a function that is linear in X ∝ r. We recover the well-known fact that the 2d electrostatic potential grows linearly in r and is thus confining.
A simple class of examples for non-confining potentials are spherically reduced models with f (X) ∝ X,
which violate the inequality (41) and reproduce the cor-
In the next section we stick to a single confining Maxwell field with a specific type of coupling function f in order to describe a state dependent cosmological constant Λ.
III. STATE DEPENDENT Λ
In this section we implement a state dependent cosmological constant Λ within 2d dilaton gravity. As a first step we clarify how a state independent cosmological constant appears in 2d dilaton gravity.
A. Defining a 2d cosmological constant
The notion of a cosmological constant is ambiguous in 2d dilaton gravity. In any dimension greater than two it implies simultaneously two things: 1. Λ is a parameter in the action that is multiplied by the volume form, and 2. Vacuum solutions asymptote to constant curvature spaces, i.e., de Sitter or AdS, depending on the sign of Λ. In 2d dilaton gravity, however, adding a constant to the potential V does not lead to asymptotically constant curvature spaces in general. Instead, in order to obtain such spaces one has to add a linear term in the dilaton to the potential V . This is seen most easily from the EOM (13) for kinetic potentials U that vanish asymptotically sufficiently fast: if V is constant then the Ricci scalar vanishes asymptotically. However, if V = ΛX then the Ricci scalar asymptotes to R = 2Λ.
In our work we always use the second notion of 'cosmological constant', i.e., when we have positive (negative) Λ and the cosmological constant term in the dilaton potential
dominates at large values of X then the metric asymptotes to 2d de Sitter or AdS space. In fact, there is a natural interpretation of V = ΛX in the context of theories that emerge from dimensional reduction of sufficiently symmetric higher-dimensional theories of gravity. Namely, the original volume form is proportional to the 2d volume form times the dilaton field times some (irrelevant) constant volume factor, the value of which depends on the internal space. We recall this now explicitly for spherical reduction.
The bulk term in the Einstein-Hilbert action for pure Einstein gravity with a cosmological constant in d + 1 dimensions is
Spherical symmetry implies that the (d + 1)-dimensional metric can be brought into the adapted form [28] [29] [30] [31] [32] 
where µ, ν ∈ {0, 1}, ϕ(x µ ) is essentially the surface radius and dΩ 
(50) and define the dilaton field X(r) as
The result (49) makes it explicit that the dilaton field couples to the Ricci scalar and the cosmological constant in the same way, i.e., linearly in terms of X as defined in (51) . We recover exactly the potentials (45), but with V replaced by V + Λ X, concurrent with (46) .
Having agreed that the term we want to add to the dilaton potential V is given by ΛX we proceed now with one of our main goals, namely to make Λ a state dependent quantity rather than a parameter in the action. In fact, there is a well-known procedure in 2d dilaton gravity to convert parameters in the action into constants of motion by 'integrating in' Maxwell fields (see appendix B of [34] for a summary).
Translating the general procedure to the present context we add a Maxwell term (31) with the specific coupling
This choice leads to the non-minimally coupled Maxwell action
Inserting the on-shell value (32) for the field strength establishes
From the above it seems reasonable to set q 2 ∝ Λ. The correct relation (in particular, the correct sign and factor) between U (1) charge and cosmological constant,
can be deduced from comparing the full bulk action I bulk (2), with the U (1) field integrated out, with (49) . Namely, if we disregard for a moment the terms containing the potentials U and V we obtain
which on-shell reduces to
. (57) The result above with the identification (52) then leads to the equality (55) upon comparison with (49)- (51) . Thus, we have succeeded in converting the cosmological constant into a state dependent parameter, namely a conserved U (1) charge. For real charges q the cosmological constant is negative, so henceforth we restrict ourselves to discussions of asymptotically AdS spacetimes.
C. Confinement of Λ
The cosmological constant emerges as a thermodynamic variable naturally this way, since we may regard it as the charge of a Maxwell field with the peculiar coupling (52) . Let us now check under which conditions this leads to a confining potential. The inequality (41) holds provided the dilaton potential V (X) obeys
In other words, as long as the original dilaton potential does not grow faster than X at large values of the dilaton, the confinement inequality (41) holds. To ensure this inequality we assume from now on that V (X) grows slower than X at large values of the dilaton,
This assumption holds for all values of dimension 2 < d < ∞ for spherically reduced models, see (45) [55] . A key property of confining charges in general and the charge describing an effective cosmological constant in particular is that the asymptotic behavior of the Killing norm in the metric (14) is dominated by the charge term
The fact that all other terms in the Killing norm are subleading follows from the inequalities (40) and (41) . The discussion in section II C, in particular the use of the boundary term (26) , assumed that the term in the metric highlighted in (60) was asymptotically subleading. This is no longer the case, so we need to find a suitable boundary term that gives a well-defined variational principle. We have summarized this main result, which is a natural generalization of (26), in equations (1)- (4) of the introduction. There are two main differences to the old results used in section II.
Firstly, the action now includes a bulk total derivative term
This term arises from requiring that the on-shell action is a function of q rather than Φ c . In fact, the term (61) corresponds on-shell to q Φ c , the expression appearing in the (inverse) Legendre transformation of (37) . So this term ensures that we are in a thermodynamic ensemble where the cosmological constant Λ is fixed as part of the boundary conditions, as we shall discuss in detail in the next section. Note that a corresponding term was already considered in [3] in a similar model. Secondly, the boundary term (26) is extended to a Born-Infeld type of boundary action.
This is one of our main results. We explain now why (and under which conditions) this result is correct, starting first with an on-shell argument, showing next that the result above leads to a meaningful expression for the free energy and arguing finally that the full action with the boundary term (62) leads to a well-defined variational principle, in the sense that the first variation of the action (1) vanishes for all variations that preserve our boundary conditions. With hindsight, the Born-Infeld boundary term (62) is a natural generalization of (26) that reduces on-shell to the ground state Killing norm.
In order to ensure that the ground state Killing norm is also the asymptotic Killing norm
we have to impose a restriction on the kinetic potential U (X) or, equivalently, on the function h(X), viz.
Expressed as a condition on the function Q(X) the condition (65) yields the inequality
where N is some non-vanishing real number. Translating this into a condition on the kinetic potential U (X) finally establishes [56] lim
In the present work we are going to consider exclusively models that obey the inequality (67). Note that this includes the special case of vanishing kinetic potential, U = 0, as well as spherically reduced gravity (45) for spatial dimensions 1 < d ≤ ∞. Following the steps reviewed in section II, the on-shell action (1) yields the same expression for the thermodynamic potential as equation (38) , with ξ 0 now defined as above. But since we wish to interpret the cosmological constant Λ as (negative) pressure, the thermodynamic potential for this ensemble should now be regarded as the Gibbs free energy, rather than the Helmholtz free energy.
This point will be discussed in more detail in the beginning of the next section.
The new action (1) yields a well-defined variational principle provided the dilaton field obeys Dirichlet boundary conditions
and the asymptotic behavior of the variation of the Killing norm δξ obeys
where the ellipsis denotes asymptotically subleading terms, given our assumptions on the potentials [57] . The above discussion was concerned with treating Λ as a particular example of a confining U (1) charge, but as mentioned in section II D, the action (1) provides a well-defined variational principle and the correct thermodynamics for generic confining U (1) fields subject to the conditions (40) and (41), provided we are in the thermodynamic ensemble where q is kept fixed. For related work in higher dimensions, see [35] .
Without the the bulk total derivative term (61) the action (1) diverges when evaluated on-shell. In the case of AdS this is an unwanted property, which motivated the addition of the term (61) to the full action. However, for generic confining potentials the divergence of the on-shell action has a physical interpretation, namely the infinite amount of energy required to bring a charge out to infinity, and is therefore a feature of the on-shell action appropriate for the ensemble in which the electrostatic potential Φ c is kept fixed. Thus, when studying generic confining potentials in that ensemble one removes the term (61) from the full action (1) and keeps only the Born-Infeld boundary term (62).
In the next section we exploit the results of the present section to discuss thermodynamics in the presence of a state-dependent cosmological constant Λ < 0.
IV. Λ-THERMODYNAMICS
In the following we are going to study black hole thermodynamics with the cosmological constant promoted to a thermodynamic variable. We start by clarifying some nomenclature regarding energy versus enthalpy.
In the previous sections the on-shell action determined the Legendre transform of the Helmholtz free energy with respect to the pair q (the charge) and Φ c (proper electrostatic potential) (37) . The Helmholtz free energy (38) depends on temperature T c , the electric charge q, and the dilaton charge X c . The label "Helmholtz free energy" was justified there, since the charge is usually an extensive quantity (doubling the volume doubles the charge), while the proper electrostatic potential Φ c is an intensive quantity. However, when interpreting the (square of the) electric charge as cosmological constant through the identification (55) we should not consider Λ as an extensive quantity (doubling the volume should not change the cosmological constant). Instead, Λ is now intensive and acts as a pressure and, as we shall demonstrate below, its conjugate variable has the properties expected of a 'volume'. Therefore, the expression (68) is actually the Gibbs free energy, also known as free enthalpy.
A. Entropy, chemical potential and volume
The entropy is obtained from the free enthalpy G c in the usual way
This result for entropy is the same as the ones that follow from (30) and (38) [22] . Thus, a variable cosmological constant [or more generally, a confining U (1) charge] leaves the form of entropy unchanged and enters only in determining the locus of the horizon X h . The entropy (71) coincides with the Wald entropy [36] and, in the case of dimensionally reduced Einstein gravity, correctly captures the higher-dimensional Bekenstein-Hawking area law. In that sense, the relation (71) between entropy and X h is the 2d analogue of the Bekenstein-Hawking law. For dilaton gravity models coming from spherical reduction, X h is proportional to the horizon area of the higher-dimensional theory (51) , which allows to write (71) in the usual way
A Bekenstein-Hawking law for intrinsically 2d models can be formulated as well, if one associates the horizon to one connected component of a sphere in one dimension (which consists of two disjoint points) A h = A 1 /2 = 1 and introduces the effective Newton coupling G eff = G 2 /X for scalar-tensor theories, where X should be evaluated at some scale. Since the horizon is the only scale available, one can define G eff = G 2 /X h , which allows to rewrite (71) in the suggestive form [22] 
The variable conjugate to the dilaton charge D c used to determine the location of the cavity around the black hole is called the dilaton chemical potential ψ c , which is obtained from the free enthalpy by
In the case Λ = 0 this expression reduces to the one found in [22] . The presence of a negative cosmological constant increases the value of the dilaton chemical potential at the cut-off surface. The third pair of variables is given by Λ and its conjugate Θ c . These correspond to the pair q and Φ c when the interpretation of the U (1) charge as a cosmological constant is not invoked. The quantity Θ c , which we shall refer to as the 'thermodynamical volume', is obtained from the Gibbs free energy by
Here, the subscripts h, c denote evaluation at the horizon or the cavity wall, respectively, and h is the function defined in (34) . The specific coupling f (X) = 1/X, used to model Λ as a U (1) charge, yields
When evaluated at the horizon, this is precisely the definition for the geometric volume of a 2d black hole presented in [37] up to a constant factor. We shall elaborate on the connection between Θ c and this quantity in section IV C.
B. Enthalpy, energy and the first law
With the above definitions of the variables of thermodynamic phase space, one can now formulate the first law of black hole thermodynamics. A Legendre transformation of the Gibbs free energy (68) with respect to the pair T c , S yields the enthalpy
This expression for enthalpy coincides with the one obtained from the boundary stress tensor. The boundary stress tensor T ab is obtained from the usual Brown-York prescription.
This yields
In particular, the energy measured by an observer along the timelike unit Killing vector u a is
which coincides with the enthalpy (77) [58] . The first law of thermodynamics can be deduced from (77) by making use of the relations
where the subscript h indicates evaluation at X h . Thus, one arrives at
with the temperature T c from (21), the dilaton chemical potential ψ c calculated in (74), and the thermodynamical volume Θ c determined in (75). This is the quasi-local form of the first law of black hole thermodynamics in dilaton gravity with the cosmological constant treated as a thermodynamic variable (for a discussion of the difference between the quasi-local and asymptotic forms of the first law, see [22] ). The three conjugate pairs of variables are 1. local temperature T c and entropy S, 2. thermodynamical volume Θ c and (sign-reversed) cosmological constant −Λ, and 3. dilaton charge D c and dilaton chemical potential ψ c . When written on the "matter side" of Einstein's equations, the cosmological constant acts like a perfect fluid with pressure p = − Λ 8πG d+1
. Thus, if we identify the cosmological constant as a negative pressure and denote the volume as V c = 8πG d+1 Θ c (for intrinsically 2d models we have p = −Λ, V c = Θ c due to our conventions), then the first law above takes the familiar form dH c (S, p, . . . ) = T c dS+V c dp+other work terms . (84) Similarly, the first law for the Gibbs free energy reads in this notation dG c (T, P, . . . ) = −S dT c + V c dp + other work terms (85) while the one for internal energy is given by dE c (S, V c , . . . ) = T c dS−p dV c +other work terms (86) and the one for Helmholtz free energy by dF c (T c , V c , . . . ) = −S dT c − p dV c + other work terms (87) Thus, standard thermodynamics is recovered. The asymptotic form of the first law is derived in the next section, and an equivalent microcanonical analysis is presented in section V C.
For vanishing cosmological constant (83) reduces to the first law derived in [22] . We stress again that, in the framework of 2d dilaton gravity, treating the cosmological constant as a thermodynamical variable requires no further assumptions in this setup, since it is just a charge with a specific coupling to the dilaton field. The first law for dilaton gravity coupled to a generic Maxwell field essentially looks the same. The only differences lie in the definition of the coupling function and the resulting function h(X), which always lead to confinement for a cosmological constant, and the extensivity properties discussed in the beginning of this section.
C. Asymptotic form of the first law
The conserved quantity M , the mass of the black hole, is related to the asymptotic limit of the proper enthalpy
One can readily use the condition ξ(X h ) = 0 and the result (71) for the entropy to derive the first law (82) for M . But this same result also follows from (88) and the quasi-local form of the first law (83). Differentiating the quantity
Using (81) for dξ c and taking the X c → ∞ limit yields
Thus, in the asymptotic form of the first law the quantity Θ c dΛ is replaced by h h dΛ, which identifies h h as the (asymptotic) thermodynamical volume V of the black hole spacetime. Note that the correct expression for V must be obtained from the first law; the X c → ∞ limit of √ ξ c Θ c yields additional finite terms besides h h .
D. Generalization to charged black holes
We generalize now equation (83) for systems with additional U (1) charges, like Reissner-Nordström or BTZ black holes. This introduces an additional term in the Killing norm for each charge
(91) where the sum runs over the number of additional U (1) fields. Here, the superscript Λ indicates that the function h Λ (X) is associated with the cosmological constant coupling function (76). The coupling functions f i (X) for the U (1) gauge fields are left unspecified, subject only to the assumption that the h i (X) terms do not dominate the asymptotic behavior of (91).
As before, we want the ground state to be asymptotic AdS. Therefore we choose ξ 0 (X) to be the state with M = q i = 0. The first law for the Gibbs free energy is thus generalized to
with Φ i c the proper electrostatic potential for the i th U (1) field
Again, the subscripts h and c stand for evaluation at horizon and cavity wall, respectively. The addition of the new charges affects both the Killing norm (91) and the locus X h of the horizon, but it leaves the expressions (71) for the entropy S and (75) for the thermodynamical volume Θ c unchanged. The dilaton chemical potential, however, acquires a new term
Generalizations to non-Abelian gauge fields are straightforward as well, but will not be discussed in detail in the present work. The main change as compared to the Abelian case is that the conserved charges q i are replaced by the conserved Casimirs of the corresponding gauge algebra. For each Casimir C i one can introduce a separate coupling function f i (X), exactly as above. For instance, in the case of su (2) one would have only the quadratic Casimir as conserved quantity from the gauge sector, while for su(3) one would have quadratic and cubic Casimirs, which could have separate coupling functions to the dilaton field.
In the next section we address further developments of black hole thermodynamics in the presence of a statedependent cosmological constant Λ. Those results also generalize to charged black holes in the same way as described above and to black holes with a confining U (1) charge as described in section II D.
V. FURTHER DEVELOPMENTS
In this section we proceed with some further developments. In section V A we present an alternative confinement condition that arises in some applications and violates our assumption (40) . In section V B we unravel the presence of a Schottky anomaly in the specific heat and explain its physical origin. In section V C we conclude with a microcanonical analysis thereby recovering in a simple way results from the canonical analysis in the limit when the cavity wall is removed to infinity.
A. Alternative confinement condition
The confinement condition (41) holds assuming that also the assumption (40) 
The whole discussion in section III C remains valid, in particular the condition (67). We shall discuss two examples where the conditions (95), (96) hold in section VI.
B. Schottky anomaly
The Schottky anomaly in the specific heat is the phenomenological observation that specific heat can have a maximum and decrease monotonically at sufficiently large temperatures. The attribute 'anomaly' is justified because usually the specific heat increases with temperature (or remains constant) in standard condensed matter systems. Typically, the Schottky anomaly arises in systems with a limited number of energy levels, see e.g. [38, 39] .
We argue now that generically we have a Schottky anomaly in the specific heat as long as we are working with a finite cut-off X c . The specific heat (at constant dilaton charge D c and constant Λ < 0) is given by
where the mass M is determined as function of temperature T c , cosmological constant Λ and dilaton charge D c from the relation
For small black holes, X h ≪ X c , the behavior of specific heat depends on the particular model. Either specific heat tends to zero from above as the black hole shrinks, or there is a Hawking-Page phase transition, in which case specific heat could have a pole at some critical temperature and become negative below that temperature. So there is no universal behavior of specific heat for small black holes.
For large black holes, X h = X c (1 − ǫ) with ǫ ≪ 1 we expand in powers of ǫ and obtain
This quantity is non-negative for positive ǫ. Thus, specific heat tends to zero from above as the horizon approaches the cut-off surface. At the same time, temperature is monotonically increasing in this limit,
since the Tolman factor diverges if the black hole horizon coincides with the cut-off surface due to an infinite blueshift. Parametrically we have the relation
where N 2 is some numerical factor given by
that is independent from ǫ. The 1/T 2 c behavior of specific heat in the high-temperature limit is typical for a non-interacting spin system ("ideal paramagnet") in an external field, see e.g. [39] .
In conclusion, specific heat decreases strictly monotonically as a function of temperature for black holes whose size approaches the cut-off surface. If specific heat is monotonically increasing at some lower temperature, by continuity specific heat must have an extremum. This is the essence of the Schottky anomaly for the specific heat.
In fact, it is simple to understand the physical origin of our Schottky anomaly. Namely, the large growth of temperature is not associated with a large growth of states or a large growth of the black hole mass, because there is literally no room left for additional states as the black horizon is already close to the cut-off surface. Instead, the growth of temperature is almost entirely due to increased blueshifts. This is why the specific heat is decreasing, as it is the case for the Schottky anomaly.
The Schottky anomaly above exists for arbitrary models compatible with our assumptions, as long as we work at finite cut-off X c . If one would like to have a Schottky anomaly that persists as the cut-off is removed to infinity then one would need to introduce functions w and h that are chosen such that the specific heat for X c → ∞,
is positive and has an extremum if expressed as a function of T . None of the models that we are going to discuss as examples has this property. It could be interesting to construct such examples in order to model Schottky anomalies in an AdS/CFT context.
C. Microcanonical analysis
While so far we have worked in the canonical ensemble (or related ensembles), our main result (1)-(4) can also be applied to microcanonical thermodynamics. In that case the cut-off, which is needed to ensure the existence of the canonical ensemble in most models, is not introduced. As a result there is no dilaton charge or dilaton chemical potential, and Tolman factors do not appear.
Let us start by directly deriving a microcanonical first law. By analogy to [22] we formulate first 'Smarr's law', i.e., a relation between mass parameter M and other parameters (cosmological constant Λ and value of the dilaton at the horizon X h )
Differentiating this relation obtains
where the subscript h denotes evaluation at the horizon.
With the Hawking-temperature T = β −1 from (20), the Bekenstein-Hawking entropy S from (71), the pressure p = −Λ/(8πG d+1 ), and the volume V = 8πG d+1 h h [see (76)] this yields the microcanonical first law [see (82)] dM (S, p) = T dS + V dp .
This is the same result obtained via an asymptotic analysis in section IV C.
In the next section we consider various examples of canonical and micro-canonical black hole thermodynamics in the presence of a state-dependent cosmological constant Λ.
VI. EXAMPLES
In this section we present three examples. The purpose of the first two examples is to confirm that our general results in sections II, III, IV and V are correct, so we focus on recovering known results in the language of 2d dilaton gravity. We stress here the generality of our results, which can be applied to any 2d dilaton gravity theory, subject to the conditions (40) and (41) [or the alternative conditions (95) and (96)] with (52) on the model dependent functions U (X) and V (X). As the last example we discuss one of the simplest intrinsically 2d models whose solutions asymptote to AdS and whose potentials obey the alternative confinement conditions (95) and (96) [again with (52) ].
A. AdS-Schwarzschild-Tangherlini
Since AdS-Schwarzschild-Tangherlini is an effectively 2d spacetime [fibered by (d − 1)-spheres] it can be described in the framework of 2d dilaton gravity. For a thorough treatment of the thermodynamics of this spacetime see e.g. [40] . We will make use of the prescription for spherical reduction of higher dimensional black holes given in [22] and take into account the proportionality factor omitted in (45) , which involves Newton's constant in d+1 dimensions, G d+1 .
Here Υ =
, where A d−1 denotes again the solid angle subtended by the (d− 1)-dimensional unit sphere. We assume 1 < d < ∞.
According to our general discussion we add now a U (1) gauge field with coupling function (52) . The functions w(X), e Q(X) and h(X) are easily calculated to yield w(X) = (d − 1)Υ Thus, specific heat at constant Λ and constant dilaton charge is non-negative for the Jackiw-Teitelboim model and vanishes linearly at low temperatures, just like a free Fermi gas. The high-temperature behavior, which is valid in the limit of large black holes, X 
in accordance with equation (101) and thus exhibits the Schottky anomaly predicted from our general discussion in section V B.
